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ARTICLE INFO ABSTRACT
Keywords: In this work, combing the Gaussian filtering algorithm and the cutting quantile functions, a new technique is
Metal matrix nanocomposites developed to efficiently generate the RVE of randomly distributed metal matrix nanocomposites (MMNCs) with

Gaussian random field

RVE

Quasi-continuous matrix
Elastic/elasto-plastic properties

quasi-continuous volume distribution. The procedures of filtering the random point matrix, generating the
random field, separating the spatial points into constituents, and imposing the periodic boundary conditions are
numerically implemented in detail. By contrasting the elastic/elasto-plastic properties of the sintered AgNPs
composites with those determined by experimental measurements and analytical models, the proposed numer-
ical homogenization model is verified. The results show that the proposed algorithm can control the distributions
of the reinforcement size and the matrix volume fractions by tailoring the Gaussian widths and cutting levels.
Meanwhile, the ratio of the Gaussian widths to the RVE length 6/L make influences on the resulting elastic/
elasto-plastic properties of the MMNCs, and for the sintered AgNPs composites, o/L = 2.5 is the critical value
of its convergence. Additionally, the proposed method can be also extended to predict the other physical
properties of MMNCs including conduction and diffusion.

measurements, is realized by applying the numerical methods to make
assumptions in the mechanical field such as stress/strain or the micro-
structures of the composites [9,10]. Generally, mean-field and numeri-
cal homogenization are the two most common approaches to predict the
effective mechanical based on the microstructures of the real composites
[11,12]. It is accepted that the numerical homogenization methods are
needed to obtain more accurate priority results of the effective me-
chanical properties of composites, especially when the micro field dis-
tributions of the composites with complex microstructures or non-linear
constituents of the components are necessary to know [13,14]. To
implement the numerical homogenization strategy, the microstructures
of the MMNC:s are often described using RVEs [15]. Generally, the RVE
should be large enough to contain more information about the materials
[16,17]. However, Drugan and Willis [18] assert that the RVE also
should be the smallest volume of the composites for which the resulting
mechanical behaviors remain constitutively valid.

Recently, researchers have developed various methods to generate
the RVE of MMNCs with microstructures of spheroidal, ellipsoidal and
polyhedral particles [19], such as the Monte Carlo algorithm, random
sequential adsorption (RSA) algorithm, Gaussian random field (GRF),

1. Introduction

Due to the excellent mechanical, electrical and thermal properties [1,
2], metal nanocomposites (MMNCs), such as alloy/nanotube/graphene
particle-reinforced composites and sintered dual-phase nanoparticles
composites [3,4], have been successfully applied in aerospace, auto-
motive, transportation, and battery electrode. Since it has been proven
that the mechanical properties of MMNCg are determined by its micro-
structures [5,6], an emerging class of MMNCs exhibiting
ultra-mechanical properties at harsher environment are enabled by
combining and tailoring the properties of their two/multi constituents
and microstructures, such as strength and stiffness of the re-
inforcements, ductility, and toughness of the matrix [7,8]. Therefore, to
fully explore the potential design space of the MMNCs with
ultra-mechanical properties, it is necessary to understand the relation-
ship between microstructure and mechanical properties.

Compared with the experimental investigations, characterized as
time-consuming and expensive, the predictive model, which at least can
be considered as the alternative to complement the experimental

* Corresponding author.
** Corresponding author. School of Mechanical Engineering, Northwestern Polytechnical University, Xi’an, 710072, China.
E-mail addresses: xulong@nwpu.edu.cn (X. Long), gilehua@nwpu.edu.cn (L. Qi), xchao_me@nwpu.edu.cn (X. Chao).

https://doi.org/10.1016/j.msea.2023.145001

Received 3 December 2022; Received in revised form 24 March 2023; Accepted 31 March 2023
Available online 6 April 2023

0921-5093/© 2023 Elsevier B.V. All rights reserved.


mailto:xulong@nwpu.edu.cn
mailto:qilehua@nwpu.edu.cn
mailto:xchao_me@nwpu.edu.cn
www.sciencedirect.com/science/journal/09215093
https://www.elsevier.com/locate/msea
https://doi.org/10.1016/j.msea.2023.145001
https://doi.org/10.1016/j.msea.2023.145001
https://doi.org/10.1016/j.msea.2023.145001
http://crossmark.crossref.org/dialog/?doi=10.1016/j.msea.2023.145001&domain=pdf

Y. Su et al.

Materials Science & Engineering A 872 (2023) 145001

Nomenclature

c Gaussian width of the Gaussian kernel

L Length of the RVE

X(s; ) Initial random point matrix in the probability space

s Spatial locations in the 3D integer domain D (L x L x L)
Q Sample space

® State index of the sample space

D Integer domain

G; Gaussian kernel

Z Random point matrix

gj(u;, v, wj) Gaussian kernel point in x, y, and z directions

pi(u; v, wy) Target point in x, y, and z directions

dyy dy dyyj Distances between the Gaussian kernel point and the
target point

I(p) Indicator function in the spatial domain
Q (p) Quantile function or Cutting level

17 Volume fraction

z Unordered vector

23k The kth ordered in random point matrix Z

MAPE Mean absolute percentage error

So(ry) Two-point probability function

ri Distance between any two points p; and p,

u Displacement field

u;° Linear displacement/strain field in the periodic domain
yh Boundary surface

wt,y~  Two parallel opposites surfaces

P]’f’+ - P;" ~ Constant for nodes pair on the parallel boundary
&j Macroscopic strain

Gij» Oj Stress in the direction i and j

E Elastic modulus

R Hardening coefficient

n Hardening exponent

£y Yield strain

oy Yield stress

Emnax, Emin Maximum and minimum elastic properties
NryEs Number of the RVEs

Epg, Vag Elastic modulus and Poisson’s ratio of bulk silver

and non-Gaussian random field (n-GRF) [20,21]. Diverse composite
materials are obtained by thoroughly combining constituents with
distinct material structures using specific processing techniques [22,23].
Subsequently, numerous works utilize spatial statistical methods to
describe these intricate material distributions [24,25]. Jahedi et al. [26]
developed a quantitative evaluation of particle size and dispersion in
metal-matrix composite and applied it to investigate the homogeneity
and microstructural distribution of Cu-matrix composites. Based on the
understanding of the particle distributions, Tian et al. proposed a
modified RSA algorithm to efficiently generate the RVE of spheroidal
particles reinforced MMNCs with specified orientations [27]. Although
this method has broken through the volume fraction limitation of the
fillers, the stress concentration indescribable and pseudo-random dis-
tribution of the particles is still challenging. In addition, some
open-source packages can also be used to generate the RVE with a
polyhedral grain structure such as Dream3D, Moose and Openphase [28,
29]. Gao et al. [19] generate the RVE of SiC particles with array network
architecture based on the experimental observations and Neper package
[30]. However, the volume fraction here is a fixed proportion with weak
adjustability. GRF is a statistical continuous probability distribution,
and by using the decomposed Karhunen-Loéve extension method, Gao
et al. [20] established an explicit random field model that can describe
the RVE of MMNCs with multi-phase stochastic microstructures. More-
over, based on the multipoint correlation function and Fast Fourier
transform, Dehnavi et al. [21] developed an integrated methodology for
MMNCs with complex microstructure. However, GRF-based methods
are not efficient due to the extraction of the spatially related random
numbers. Liu et al. [31] suggested that the g distribution can be used as
the edge distribution of second-order n-GRF, but it is only suitable for
the material properties with a bounded range. Sintered metal nano-
particles such as silver nanoparticles (AgNPs) are typical MMNCs used
for chip packaging with remarkable bonding properties and complex
stochasticity microstructures [32]. As the issue involves the RVE gen-
eration of these MMNGs, efficiency and low computing-consuming
methods are urgently demanded. Sintered metallic nanoparticles, spe-
cifically AgNPs, have typical dual-phase microstructures consisting of a
solid phase and a pore phase with a random distribution [33,34], which
are commonly used in the interconnect structures of wearable elec-
tronics and next-generation power electronics [35-37]. Although the
macroscopic mechanical properties of AgNPs have been extensively
studied [38], the effects of the dual-phase microstructure on the me-
chanical properties has been overlooked [39].

In this work, a new algorithm combining the Gaussian filtering al-
gorithm and the cutting quantile functions is proposed to efficiently
generate the RVE of randomly distributed MMNCs with quasi-
continuous matrix. The procedures of the proposed algorithm for
filtering the random point data, efficiently generating random field, and
separating the spatial points into two-phase are detailly developed.
Statistical analyses are implemented to investigate the size distribution
of the reinforcement in the generated RVE. The periodic boundary
conditions (PBCs) are applied to obtain the homogenized elastic/elasto-
plastic properties and the experimental tests are adopted to validate the
proposed method. Moreover, the effects of the Gaussian width on nu-
merical stability are discussed. In the current work, the method is
developed to predict the inherent elasto-plastic behaviors, and there is
the potential to guide the optimal design of the MMNCs components and
to evaluate the onset and progression of damage.

2. Random volume element (RVE) generation
2.1. Overview of RVE generation algorithm

The proposed algorithm for generating the RVE of the random
microstructure is based on the one-cut GRF model and the Gaussian
filtering algorithm in image processing. The detailed techniques for
generating the RVE of MMNCs are outlined as follows: A discrete cubic
matrix with length of L is constructed in the global Cartesian coordinate
system, where the values in the x, y, and z axes range in R = (0,L]>.
Next, the points in the space are discretely assigned as random values to
produce spatial point matrix. To ensure an initial random field that is
both isotropic and unbiased, point values are drawn independently from
a normal distribution N (0, 1%). After that, the random point matrix is
filtered using Gaussian kernel with a specified width. The blurred spatial
point matrix is still isotropic due to the orientation-independent char-
acteristic of the adopted Gaussian kernel convolution. As the weight of
the Gaussian kernel decreases, the blurred individuals become spatially
correlated with the Gaussian width. The isotropic point matrix, corre-
lated with its values of the neighboring points, is modeled similarly to
the GRF. Further, the cutting level, also known as threshold technique, is
specified to create a binary point-matrix with specific proportional
constituents, aiming at the target fraction of the real composites. The
detailed procedure of the algorithm is shown as Fig. 1. In this method,
the initial random field consisting of independent and identically
random values with the continuous normal distribution is assigned into
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Fig. 1. Procedure of the proposed algorithm for generating the RVE of the random microstructural composites.

discrete spatial points. Besides, the continuous Gaussian kernels are also
assigned into discrete spatial points. Based on these, the matrix of
discrete spatial points is subjected to the Gaussian filtering processes,
which are performed in matrix operations, produce a statistically
correlated processed random field with high efficiency and rapid
computation. Additionally, it is noted that the Gaussian width of the
Gaussian kernel is utilized to scale the average size of the target phase
cells under the same fraction of composites. And the cutting level is
utilized to directly modify the content of the microstructures.

2.2. Three-dimensional Gaussian filtering algorithm

The 3D Gaussian filtering algorithm is implemented to quickly
construct desirable realizations of the spatial random field. Gaussian
filtering algorithm, also called Gaussian smoothing in image processing,
uses a spatial kernel that following Gaussian distribution to convolve a
sharp numerical matrix into a smooth one. Fig. 2 shows the procedures
of the proposed algorithm. Firstly, a random point matrix with the size of
13 is created as the initial seed. Then, a Gaussian kernel centered on the
coordinates of the target point is generated, and the specified value of
the target point is calculated by the matrix convolution. Finally, the
assigned values of target points are formed in the target point matrix.

The initial random point matrix in the probability space can be

Initial random point matrix
x(s; o)

Gaussian Kernel

defined by a 3D spatial random field X (s; w) as follow:

{X(s,0) €A CR; seDCZ0€Q}, @
where s denotes the spatial locations in the 3D integer domain D (L x L
x L), w is the state index of the sample space Q. X (s, w) follows the
Gaussian distribution N (0, I). Since each point obeys the consistent
probability distribution and the expected value is zero, the realized 3D
spatial random field can be considered as isotropic. As a result, the
realized X (s, @) of the 3D random field, shown as the right of Fig. 1, is
served as the input data for the Gaussian filtering algorithm, which
could then be used to generate different isotropic point matrices with
various widths. It is noted that each location in the 3D random field is
independent, which reduces the effects on the Gaussian kernel width
and the spatial correlation of the target point matrix.

Within the integer domain D, 3D Gaussian kernel G; (g) with the
Gaussian width o for a target point p; is expressed as:

1 7dmiz+dwz+dw,,2

= —27[0'2 e 202 s (2)

Gi(g)

where dyj, dyyj, and dy;; are the distances between the Gaussian kernel
point g (uj, vj, wj) and the target point p; (u;, v, wy) in X, y, and z di-
rections, respectively, which are written as:

Target point matrix

Gi Z(p)

Fig. 2. Schematic description of 3D convolution in Gaussian filtering algorithm.
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dm'/' = |Mj - uf!, ()]
dvij:|Vj*Vi|7 “4)
dyij = |Wj _Wi|7 5)

where i and j are the number of the target point p; and the point gj in the
Gaussian kernel G;. The Gaussian kernel serves as an effective filter
when applied to isotropic materials due to its isotropy in the x-, y-, and z-
directions. Meanwhile, this method can also be used to model aniso-
tropic microstructures using an anisotropic kernel. To generate the mi-
crostructures of the anisotropic material, weighted values can be
integrated prior to distance calculation in Egs. (3)-(5). A variety of
anisotropic random field can be filtered and generated, as demonstrated
in our prior work [34].

The 3D Gaussian kernel G; for a specific target point p; is presented in
the middle of Fig. 2, which acts as a mask with assigned weights. Con-
volves it with the random seed X (s, ), the target point value z; (p;) is
derived as:

z(p;) =x(s, 0) x Gi(g). (6)

Considering the above convolution results, the target point matrix Z
(p) is composed of all target point values in the integer domain D. The
filtered point matrix is the input data to generate the random dual-phase
structures.

Based on the initial random point matrix, a set of filtered point
matrices are obtained by varying the Gaussian width. Fig. 3 (a) presents
the initial random point matrix with a size of 50 x 50 x 50, and Fig. 3
(b)—(f) depict the filtered point matrices with Gaussian widths ranging
from 0.5 to 2.5. The RVE unit is dimensionless and not directly tied to a
physical length scale because it is a mathematical construct intended for

(b)

Initial random point
matrix
(d)

c=1.5

c=2.0

Fig. 3. Initial random point matrix (a) and filtered point matrices with various Gaussian widths, (b) ¢ = 0.5, (¢) 6 = 1.0, (d) 6 = 1.5, (e) 6 = 2.0, (f) 6 = 2.5.
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investigating the behavior of heterogeneous materials and to represent
diverse random microstructures. This allows it to be adjusted to match
real morphologies. Moreover, the Gaussian width unit is also dimen-
sionless. All the point matrices are overall isotropic. Besides, the
Gaussian width ¢ directly affects the weight distribution of the neigh-
boring points, and the larger the Gaussian width, the larger the transi-
tion region between adjacent maxima and minima in the point matrix.
Therefore, the size of the particles and monomeric connection regions of
a specific phase in the RVE of the random dual-phase composite can be
adjusted by the Gaussian width ¢ of the Gaussian kernel.

2.3. Cutting level determination based on the quantile function

The cutting level model is adopted to transform the random point
matrix into a binary one, which means dividing the 3D spatial domain
into two spatial regions with distinguishable phases. The matrix domain
volume fraction is an important parameter for the RVE generation. Here,
a quantile function-based approach is developed to determine the cut-
ting level, which could efficiently meet the given volume fraction.

The spatial random point matrix Z (p) is sorted from the smallest to
largest without regard for its spatial location to yield its order statistics.
Assuming that the unordered vector of 2, ..., 2,, where n = I3, the kth
ordered z() in random point matrix Z is given as:

) S e Zh-1) S 20 S 2ty S oo S 2wy - )

Then, the cumulative distribution function (CDF) of g can be written
as:

F(r) =Pr{z<t}. ®

The CDF can be defined as the function of the matrix phase volume
fraction. When tis equal to (), the volume fraction function is expressed

c=2.5



Y. Su et al.

as:
K

Flaw) =Pr{z<zp} ==

©)]

Further, the quantile function Q (¢), which is the inverse of the CDF,
establishes the mapping from the volume fraction ¢ to the cutting level
Q, also identified as the threshold. The quantile function Q (¢) is given as
follows:

Q((/J)—Fl(w)—inf{t:F(t)>r/)}—Z< (10)

np+%

),where0<(p§1

Therefore, the threshold or the cutting level for a given volume
fraction ¢ can be directly calculated by using the quantile function Q (¢).
The indicator function I (p) of the random dual-phase composites in the
3D spatial domain is defined as:

)

I(p)= an

0,if z(p) §z< )

where I = 0 represents the matrix phase and I = 1 represents the

n¢+%

L,if z(p) >z<

np+i

(a)
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reinforcement phase. Consequently, random dual-phase composites
with a specific volume fraction are generated.

Fig. 4 (a) presents the quantile functions of the random point
matrices filtered by Gaussian kernels with different widths 6. As the
width of the Gaussian kernel increases, the number of extrema shrinks
and the fluctuation of the z-value distribution reduces in the filtered
random point matrix. As a result, for larger Gaussian widths, the
quantile function is flatter in the middle. Using the quantile functions
with a set of Gaussian widths, RVEs with three types matrix phase vol-
ume fractions (0.7, 0.8, and 0.9) are generated to calculate the corre-
sponding cutting levels, as shown by the three vertical lines in Fig. 4 (a).
Moreover, Fig. 4 (b) depicts the random dual-phase composites with
varied volume fractions by different Gaussian kernels. Both the matrix
and the reinforcement phase of the generated composites are stochastic
in size, shape, and distribution, and the overall random structure is
almost isotropic. Under the same matrix-phase volume fraction, with the
increase of the Gaussian kernel width, the size of the reinforcement
phase is larger while the number of reinforcements decreases. In addi-
tion, as the Gaussian kernels are the same and the matrix-phase volume
fraction rises, the centers of each reinforcement phase individuals
remain nearly constant while the size and number become smaller. By
integrating Gaussian filtering with level cutting, it can effectively

1.0
] —=—0=05
——0=1.0
< 0.5 1 ——0c=15
S) ——0=20
=
.S
S
g 0.0+
&
2
<o -0.5

T T
03 04

e -
L.
i)

“I'
- .l
s id

c=1.0

Fig. 4. Quantile functions and random structures with different widths and volume fractions.

c=1.5

T T
0.5 0.6

Volume fraction of matix phase ¢

c=2.0 c=2.5
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process 3D discrete point matrices using matrix operations. This
approach significantly reduces both computation time and complexity
compared to random field generation methods. In addition, as shown in
Fig. 4, demonstrate that the generated spatial samples through this
approach accurately match the real morphologies. Further statistical
analysis is detailed in the subsequent sections.

2.4. Statical analysis of the generated dual-phase RVEs

Using the generated RVEs as a reference, the size of the reinforce-
ment within the RVE of dual-phase composites with varying Gaussian
width ¢ and volume fraction ¢ are counted and analyzed, as shown in
Figs. 5 and 6.

The size of the reinforcement makes significant effect on the elasto-
plastic properties of the MMNCs. Therefore, statistics of the reinforce-
ment size is an apparent characteristic of the randomly generated RVEs
[40]. With the Gaussian width ¢ increases, the reinforcement size in-
creases and the frequency distribution shifts to the right, depicted in
Fig. 5 (a)-(c). For small reinforcements size ranging from 1 to 10, a
larger Gaussian width leads to a lower relative frequency. On the con-
trary, for reinforcements with the size larger than 100, the increasing
Gaussian width tends to increase the relative frequency. Although a
smaller matrix volume fraction affects the stability of the aforemen-
tioned relationships, the Gaussian width ¢ could statistically control the
number ratio of the reinforcements (small to large), which can generate
the RVE with the appropriate frequency characteristic of the re-
inforcements. Such spatial characteristics resemble those of MMNCs
[41-43].

The statistics of the reinforcement size of the RVE with different
Gaussian widths and volume fractions are analyzed. In dual-phase mi-
crostructures, the reinforcement size corresponds to the non-matrix
phase. Maximum, minimum, and average reinforcement size, as well
as the total number of reinforcements, are counted to address the sta-
tistical characteristics of the reinforcements in the generated RVEs.
Here, the average reinforcement size and total reinforcement number
have a direct effect on the RVE’s stiffness, while the maximum and
minimum reinforcement sizes influence the RVE’s yield strength and
fracture process. Fig. 6 (a) demonstrates the relationships between the
maximum reinforcement size and Gaussian width of the RVE with
different volume fractions. It is found that the maximum reinforcement
size and Gaussian width are roughly positively correlated, and the in-
crease rate slows down when the Gaussian width exceeds a threshold
value. For the same Gaussian width, the maximum size increases with
the decrease of the volume fraction. In addition, the matrix volume
fraction would affect the threshold value. With the increase of the vol-
ume fraction, the maximum size does not increase further for the smaller
Gaussian widths. The minimum reinforcement size of the RVE is pro-
vided in Fig. 6 (b). Generally, the minimum reinforcement size is 1.0.
The potential for the minimum reinforcement size increase with the
Gaussian width increases. Comparing Fig. 6 (c) and (d), the average
reinforcement size and total reinforcement number vary in the different
trends regarding the Gaussian width, due to the constant of the total
volume of reinforcements in the RVE. As the Gaussian width raises, the
average reinforcement size increases while the total reinforcement
number drops. Moreover, the matrix volume fractions of the RVE impact
negatively the average reinforcement size and positively the overall
reinforcement number. Overall, the statistical properties of re-
inforcements can facilitate the better understanding of the microstruc-
tures of the synthetic RVE. Meanwhile, the gaussian width and volume
fraction can be used to modify the reinforcement size and quantity of the
RVE of MMNCs.

2.5. Microstructure-based RVE generation procedure

The Gaussian kernel and volume fraction have an effect on the
reinforcement sizes in synthetic RVE microstructures, particularly for

Materials Science & Engineering A 872 (2023) 145001

large and medium-sized reinforcements. Referring our previous work
[44] two-point probability function or autocorrelation function Sy (r) is
induced to address the real distribution of the dual-phase sintered
nanocomposites, given by

Sa(r)=P{I(p))=1,1(p,) =1} =1, 12)

where r is the distance between any two points p; and ps in the micro-
structure, and I (p) is an indicator function as Eq. (11).

Using the fast Fourier transformation (FFT) algorithm, it is possible
to quantify both the 2D and 3D distribution characteristics of the real or
synthetic microstructures. Regarding the proposed generation algo-
rithm, the volume fraction of the RVE must be determined first, followed
by the adjustment of the Gaussian kernel of the RVE with a given volume
fraction to match the real microstructure. To minimize the difference
between the real and the synthetic morphology, the minimum mean
absolute percentage error (MAPE) of real and the synthetic So(r) is
selected as the optimization problem, resulting in a microstructure-
based RVE generation procedure depicted in Fig. 7. Additionally, the
python codes are freely provided in GitHub (github.com/zhanqi-syt/
Microstructure-based-RVE-generation-from-2D-to-3D).

Fig. 8 (a) shows a real microstructure of sintered metal particles.
Through resizing and binary processing, the volume fraction is calcu-
lated to be 0.7274, and the two-point probability function So(r) is
depicted in Fig. 8 (c). By solving the optimization problem of MAPE
between the real and the synthetic two-point probability functions, an
acceptable Gaussian width can be obtained to keep the generated RVE’s
consistency with the real microstructure. Fig. 8 (b) and (c) shows the
Generated RVE with a MAPE of 0.005065.

3. Periodic geometry model and boundary conditions

Generally, the boundary conditions for predicting the mechanical
properties of the composites should satisfy the Hill-Mandel law [16],
which ensures that the macroscopic field for the homogenized com-
posites is consistent with the microscopic field for the real composites.
And it is proven that the PBCs can more accurately predict the effective
elasto-plastic properties of the composites than other boundary condi-
tions such as uniform stress and uniform strain boundary conditions
[45]. For the composites of RVE with complex microstructures, the PBCs
requires both the opposing parallel surface must satisfy the same
meshing pattern. Therefore, the node pairs on the opposing positions
should have the same in-plane coordinates. In this work, the RVE is
meshed by using the 8-node hexahedral element C3D8, which guaran-
tees that the nodes on the parallel boundary of the surface on the RVE
can correspond to each other one by one (Fig. 9 (a)).

The PBCs of the displacement field u are applied as linear constraints
in ABAQUS under a macroscopic strain is formed as [46]:

wi(x,y,2) =u} +1;(x, y,2), where uf =&} P;, 13)

where u;° is the linear displacement/strain field in the periodic domain.
1; is the periodic part of the displacement/strain field on the surface, and
i represent the freedom in directions of x, y and z. For the y boundary
surface pair of the two parallel opposite y* and y—, the displacements
difference between it is written as:
w =P P ) =ehap. as
It should be noted that P]’.’" — P/ is constant for each pair of the
nodes on the parallel boundary, containing surfaces, vertices and edges
in the RVE, shown as in Fig. 9. For a given macroscopic strain &;, Eq. (14)
is constant and therefore the PBCs can be easily applied in the FEA as a
nodal displacement constraint. The PBCs on the RVE boundary is driven
as:
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reinforcements.

ul —u; =%; (PJ+ - P]T) = Au;.

(15)

The procedure of imposing the PBC on the boundaries of the RVE by
implementing the Python script on the FE package ABAQUS. And the
first step is to classify the nodes on the boundaries of the RVE and each
node only be featured in one group. Then create the constraint between

the node pairs on opposing surfaces.

The nodes on the boundary of the RVE can be divided into three
groups: Surfaces nodes S1-S6, edge nodes E1-E12 and vertex nodes
V1-V8. Therefore, the detailed implementation equations to apply the

PBC in node pairs are given as follows.

I. Surface nodes:
a. Surface left S1 to Surface right S2:

copici BBIAL —0i—
u; —u? — Axe, =0,i=1x,y,z.

b. Surface top S4 to Surface bottom S3:

ABCD 1B1C1D1 _ .
PP — — Aye, =0,i=x,y,z.

c. Surface front S6 to Surface back S5:

u;‘xDDlAl _ ulf!CClb‘l

i

—Azg, =0,i =x,y,z

II. Edge nodes:

(16)

17)

(18)

1B1 CD D1D B1B
uM'B —uP — Axe, — Ayey, = 0. | uP'P — uP'® + Axe;, — Azey, = 0.

uf'Pt — 8 4 Axe;, — Ayey, = 0., wt — uC'C — Axe;, — Ayey, = 0.
Uttt — uf1C — Axe; — Aze, = 0. | wt? —uP'Ct + Ayey, — Azei, = 0.
19
III. Vertex nodes:
w!' —u€ — Axe; — Ayey, — Aze;, =0
uP' —uP — Axe, — Ayey + Aze, =0 20)

u,.C1 - u‘f + Axe — Ayey, + Azei; = 0
uim — uf + Axe; — Ayey, — Azgi; =0

By assigning each generated dummy node outside the RVE model
zone to an equation as Eq. 16-20, the specified loadings cases are
applied. For loading, this work applied six macroscopic strains, exy, &y,
€42, Exys Exz> Eyz (PUTE X, ¥, 2 tension and Xy, yz, zx shear.) on the RVE to
obtain the six unknown components of the stiffness matrix.

Generally, the elasto-plastic responses of the composites include the
uniaxial tension and shear behaviors. For predicting the shear elasto-
plastic behaviors of the composites, the corresponding formulas first
PBC are the same as those (Eq. (16) - (20)) used to calculate the elastic
properties. However, the PBC used to predict the uniaxial elasto-plastic
response of the composites should obey the zero macro-stress
constraints:

]{U[[dVRVE =0, %O_jjdVRVE =0,
@ [}

where o;; and oj; are the stress in the direction i and j. Therefore, the PBC
formulas used to calculate uniaxial tensile elasto-plastic are not the same

2D
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Fig. 9. (a) Category for node set on the surface of the meshed composites RVE
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as Eq. 16-20 and the detailed expression of the PBC for predicting the
uniaxial tensile elasto-plastic responses are written as follows.

L. Surface nodes:
a. Surface left S1 to Surface right S2:

ABBI1A1 CDDIC1 _ & ABBIA1 CDDIC1 __ ABBIA1 CDDIC1 __
u; —u; =&, U] —uy =0,u; —u =0. (22)
b. Surface top S4 to Surface bottom S3:

A1BICIDI1 ABCD __ AIBICIDl __  ABCD _ & Al1BI1CID1 __ . ABCD __
u —u " =0,y u;" =8y, u;"? =0.  (23)
c. Surface front S6 to Surface back S5:
ufDDlAl _ quClBl — 0’ MCDDIAI _ quClB] — 07 u/Z-\DD]A] _ quClB] — Ezz~ (24)
II. Edge nodes:

AlDI1 AD __ AD __ BC __ AIDl _ AD __

wy o —u” = 0,u; u» = O7 U, u,” =0,

Al DD __ DDl AAL
uf —u,” =0,u =0, u u,” =0, (25)
M?B _ MCD O,M:_“B] _ ClDl _ 0 MCD .C]Dl — 07
III. Vertex nodes:

MA X _0 uAl_u _ f—uf—uﬁlBl—uAB:qul— BI_MAAIBIB’
Mf_)l :_0 HDI_MCI_M _M 7uCIDl ufD_u)l;)Dl MCCI u?lClCD7
M?l u*—O,ul?l :MA,I :Ml.?l :Ll€l DlAl uAlBl BlCl ClDl A.1B1C1D17

) y y Yy y y y

D - D __ _.B__ C__ DA_ _ BC CD BCD
u) —u, 707uy7u¢7uy7uy7u) 714 =u uA

?l *MTZO,M?I :uél =u’ :M?_MDIAI MAAI MAD_MDDI _uDlAlAD
uzCl —u=0,u’" :ufl =uf =l = = MBBI BC _ M,CCI BlBCCl
(26)

where u;” and u; are the reference strains and contribute to applying
three uniaxial loading conditions of the RVE composites, which are
given as follows:

oot = ok b = ox
En=U] —U L E =U] —ULE =U

;. 27)

¥ Tyy y

It should be noted that all PBCs for the elastic and elasto-plastic
behaviors of the composites are implemented via a Python script in
the ABAQUS. In addition, the maximum plastic strain should less than
1% of the length of the RVE to ensure no damage occurs.
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4. Results and discussion

Sintered AgNPs with a random quasi-continuous porous micro-
structure, as one of the typical MMNCs, are investigated in this work.
The mechanical behavior of sintered AgNPs is highly sensitive to vari-
ations in the matrix volume fraction and pore size. The Ag volume
fraction, which is equivalent to 1 minus the porosity, plays a critical role
in determining the mechanical response of this dual-phase microstruc-
ture. Additionally, we investigate the effect of pore size by varying the
Gaussian width, providing insights into the impact of pore size on the
mechanical properties. The elasto-plastic property of the Ag in the ma-
trix phase follows a power-law constitutive model as [47]:

e<e,
6:{Ee,e <e, (28)

Re", e > ¢’

where the elastic modulus E is 80.0 GPa, the hardening coefficient R is
0.655 GPa, the hardening exponent n is 0.235, the yield strain ¢y is
0.1875 corresponding to the yield stress oy, of 150 MPa, and the ultimate
tensile strength is 300 MPa for the pure Ag without any pores. Besides,
the remaining phase of the RVE, pores, have a negligible elastic
modulus. The length of the cubic RVE of the sintered AgNPs is 10.0 pm
and the mesh size is 0.2 pm. On the surfaces of the RVEs, six types of
monotonic loading conditions, including pure x, y, and z tension and
pure xy, xz, and yz shear, were used to predict the elasto-plastic prop-
erties of the sintered AgNPs. Fig. 10 shows the von Mises stress of the
RVE of sintered AgNPs under these six loading conditions under the
small deformation limitation (1%). Under PBCs for pure tension and
shear, stress-concentrated zones are networked differently in the RVE.
Since the RVEs could be nearly considered as isotropic mechanical
properties, under small deformation constraints, the stress distributions
in their loading directions of the pure tension (Fig. 10(a)-(c)) and pure
shear loadings (Fig. 10(d)-(f)) are similar.

4.1. Effect of the ratio of Gaussian width

The reinforcement size, that is the pore size of the RVE of sintered
AgNPs composites, is depended on the Gaussian width. A larger size
would increase the uncertainty of the resulting elasto-plastic properties
of the RVE duo to the randomness of Gaussian algorithm. Therefore, the
appropriate Gaussian width ¢ should be specified firstly. A set of RVEs
with different width ratio /L are generated and implemented to ob-
tained the effective elastic properties (Fig. 11). Meanwhile, the errors
among the resulting RVEs with the same width ratio are calculated to
evaluate the consistency of the models, which is written as:

max

u 100%,

Ngy

ZE

error(%) = (29)

NRva

where Ej ¢ and Epj, are the maximum and minimum elastic properties
of the RVEs with the same Gaussian width ¢ and matrix volume fraction.
Ngygs is the number of the RVEs generated for each Gaussian width ¢ and
matrix volume fraction. When the ¢/L increases from 0.1 to 0.5, the
elastic properties, such as the elastic modulus, Poisson’s ratio and shear
modulus tend to decrease. Conversely, the elastic property errors in-
crease. Moreover, the matrix volume fractions also influence the error of
the elastic properties, and a large matrix volume fraction contributes to
the stabilization of the elastic properties and reduces the error of the
elastic properties. Accordingly, an appropriate Gaussian width ¢ should
be determined by taking both the matrix volume fraction and rein-
forcement size of MMNCs into account. Therefore, for the sintered
AgNPs with a matrix volume fraction of 0.70-1.00, the Gaussian width ¢
is set to 1.5, corresponding to ¢/L of 0.30 and the tolerable error
threshold of 3.0%
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Fig. 10. Stress distributions of the RVE for six types of monotonic loading conditions, (a) pure x tension, (b) pure y tension, (c) pure 2z tension, (d) pure xy shear, (e)
pure xz shear and (f) pure yz shear.
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4.2. Elastic properties of MMNCs relative errors among the RVEs with the same matrix volume fraction.
As the matrix volume fraction increases, the elastic modulus of the

The elastic properties of the RVE of MMNCs are calculated with a AgNPs composites increases approximately linearly from 33.86 MPa to
wide range of matrix volume fractions from 0.7 to 1.0. Fig. 12 shows the 80.61 MPa, while the errors of the elastic modulus reduce from 2.65% to
effective elastic modulus, Poisson’s ratio, shear modulus, and the 0.09% (Fig. 12 (a)). Here, Kahler et al. [48] investigated the correlation
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between porosity and elastic modulus of sintered silver particles with

varying particle sizes. Milhet et al. [49] also examined the impact of

porosity on the elastic properties of sintered Ag paste in both bulk and
joint specimens. Our work utilized the RVE based FE homogenization
approach, as demonstrated in Fig. 12(a), the resulting elastic moduli
agreed closely with experimental measurements of the reported works.

Moreover, the resulting elastic properties are also compared with the
analytical models of sintered porous Ag proposed by Ondracek [50] and
Ramakrishnan [51], respectively:

E—E, 3G-w)-p) 30)
9—p(9.5-5.5Vs,)
(1-p)*

E=E, gm , (3D
where Eag and Vg are the elastic modulus and Poisson’s ratio of bulk
silver, p is the density of sintered porous Ag. It is found that the elastic
moduli of the RVE of the AgNPs composites are basically consistent with
those of the analytical models.

In Fig. 12 (b) and (c), it is found that both the Poisson’s ratio and
shear modulus increase with the matrix volume fraction, where Pois-
son’s ratio rises from 0.29 to 0.38 and the shear modulus grows from
12.83 GPa to 29.19 GPa. In addition, the error of the Poisson’s ratio
reduces from 1.64% to 0.24%, and the error of the shear modulus de-
clines from 2.52% to 0.14%.

4.3. Elasto-plastic responses of dual-phase MMNCs

To validate the capacity of the RVE-based numerical homogenization
method proposed in this work, a set of RVEs of the AgNPs composites
with the matrix volume fractions of 0.70, 0.80, and 0.90 are generated
and implemented to capture the effective elasto-plastic response in the

x-, y-, and z-directions. It is noted that the ratio of the Gaussian widths to
the RVE length ¢/L is the same as the previous section.

It is found that in Fig. 13, due to the enhancement effect of the
matrix, in the elastic deformation stage, the elastic modulus (slope of the
curves) increases with the matrix volume fraction. The middle parts of
the ¢ - 6 curves demonstrate that the effective stresses of the plastic zones
in different directions become greater with the volume fraction in-
creases. It is because the RVE with a larger matrix volume fraction in-
volves more solid material points to achieve the greater ultimate tensile
strength under the same total strain. The more complex microstructures
would lead to different mechanical responses in various directions. In
contrast, the stresses of RVEs with small matrix volume fractions are
relatively stable because the pores absorb a large amount of deforma-
tion. Therefore, according to the almost identical elasto-plastic re-
sponses in different directions (x, y, ) at the small deformation/strain
range (<1%), it is reasonable to consider the RVE almost as isotropic
domain. In addition, it should be noted that the UTS of pure silver with
zero porosity is 0.3 GPa. The UTS of the RVEs with high volume fraction
exhibits reinforcement in some directions, albeit the mean value is less
than 0.3 GPa. On the other hand, the UTS of RVEs with smaller matrix
volume fractions are less than 0.3 GPa, showing a notable decrease as
the volume fraction decreases.

5. Conclusion

In this work, we proposed a new algorithm for generating the RVE
and evaluating the effective mechanical properties of MMNCs with
quasi-continuous volume distribution microstructures, which combing
the Gaussian filtering methods and fraction cutting levels algorithms.
Meanwhile, the PBCs are imposed on the RVE via the Python script to
investigate the effective elastic/elasto-plastic properties of sintered
AgNPs MMNCs. Several conclusions of this work are drawn as follows:

(a)

(b)

(©)
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Fig. 13. Elasto-plastic responses of the RVE of AgNPs composites under pure tensile loads in x, y, and z directions with different matrix volume fractions.

12



Y. Su et al.

(1) The proposed algorithm can control the size distribution of the
reinforcement and the matrix volume fractions by adjusting the
Gaussian width and cutting level. In addition, the individual
point-controlled quantile functions can achieve a quasi-
continuous volume fraction.

(2) The ratio of o/L influences the stability and robustness of the
evaluated elasto-plastic properties of the dual-phase MMNCs.
Specifically for the sintered AgNPs composites, a ratio o/L
smaller than 2.5 could ensure the reliable results.

(3) The resulting elastic and elasto-plastic responses of the RVEs of
sintered AgNPs composites with matrix volume fractions ranging
from 0.7 to 1.0, are agreed well with the experimental results and
the analytical models.
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